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1. INTRODUCTION 
We consider the equation 
(1) (x+ l).**(x+k)=(y+ 1)***(_Y+mk). 
If m = 1, equation (1) implies that x=y. If m = 2, the authors [2] showed that 
x=7,y=O, k=3 is the only solution of (1) in integersx20, ~10, kz2. In this 
paper, we prove 
THEOREM. The equations 
(2) (x+ l)...(x+k)=(y+ l)...(y+3k) 
and 
(3) (x+ 1)a.G(x+k)=(y+ I)..-(y+4k) 
have no solution in integers x20, ~20 and k22. 
In a forthcoming paper [3], we shall show that for m >4 there exists an 
effectively computable number C depending only on m such that max (x, y, k) I 
C whenever x20, yz0 and k> 2 are integers satisfying (1). 
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2. NOTATION AND PRELIMINARIES 
We refer to the Appendix for some verifications in the proof of the Theorem. 
By this reference, we mean the consequences that can be derived easily from 
the calculations of the Appendix. All other calculations are done with the help 
of MATHEMATICA on a P.C.8386. 
We always suppose that m 22 is an integer and h?O is a real number. By 
letters X, y and k, we understand that x> 0, yz 0 and kr 2 are integers. For 
simplicity, we write the left hand side and the right hand side of (1) as 
(4) F(x,k)=(x+l)...(x+k), F(y,m,k)=(y+l)...(y+mk). 
Let 
(5) (z+ 1).--(z+ mk)= “c” Aj(m,k)f+jo 
J=o 
It is easy to derive from 
mk io-I &-I 
Aj(m, k)= C C ... C ioil ...ij_l 
io=l i1=l ‘,-,=I 
that 
(6) Aj(m, k)S(mk+ 1)“/2jj! for O~j~mk. 
We determine rational numbers 
(7) Bj=Bj(m, k) with 1 ljlrn 
depending only on j, m and k such that 
(8) (z~+B~z”-~ + *** + B,)k = F Hj(m, k)zmk-j 
j=O 
satisfies 
(9) Hj(m, k) =Aj(m, k) for 0 5 jl m. 
We set 
(10) A(z,m,k,h)=P+B,(m,k)z”-‘+...+B,(m,k)-h 
and 
(11) A(z,m,k)=A(z,m,k,O). 
We write 
(12) Ak(z, m, k, h) = F Hj(m, k,h)Pk-j. 
j-0 
For 05 jc mk, we notice that 
(13) Hj(m,k,O)=Hj(m,k). 
490 
Furthermore, we observe from (12), (10) and (8) that 
(14) Hj(m,k,h)=Hj(m,k) for O~j<m 
and 
(15) H,,, (m, k, h) = H,,, (m, k) - hk. 
For Orjlmk, we put 
(16) dj(m, k, h) = Hj(m, k, h) -Aj(m, k), dj(m, k) = di(m, k, 0). 
By (16) and (13), we observe that 
(17) dj(m, k) = Hj(m, k) - Aj(m, k). 
From (17) and (9), it follows that 
(18) Aj(m,k)=O for Osjsm. 
Further, we see from (16), (14), (15) and (9) that 
(19) Aj(m,k,h)=O for Osjcm, d,(m,k,h)=-hk. 
We write 
[ (Nz, m, k) - B,(m, k))k-l(A(z, m, k) + (k- l)&(m, k)) 
(20) 
= 5 Hi(m, k)zmk-‘. 
J=O 
We observe from (8) and (20) that 
(21) Hy(m,k)=Hj(m,k) for Osj<2m, 
(22) 
k 
Hz,,,(m,k)-Hi,(m,k)= 0 
2 
B2,,,, H2,+,(m,k)-H&,,+l(m,k) 
k 
= 0 2 (k-2)B2,B, 
and 
i H 2m+2(mvk)-Hi,+2(m,k)= 0 k 2 (k-2)B2,,,B2 
(23) 
+(:)(“I’) 
B2,,,Bf if m>2. 
For Osjsmk, we put 
(24) Ai(m,k)=Hi(m,k)-Aj(m,k) for Osjsmk. 
By (24) and (17), 
(25) Ai(m, k) = dj(m, k) - (Hj(m, k) - Hjl(m, k)). 
Now, we restrict to m E {3,4} in this section. It is easy to obtain the expres- 
sions for (7) from (5), (8) and (9). 
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LEMMA1 
(26) 
B, (3, k) = (9k + 3)/2, B2(3, k) = (45k2 + 36k + 7)/8, 
B,(3,k)=(27k3+45k2+ 21k+3)/16 
and 
B, (4, k) = 8k + 2, B,(4, k) = (64k2 + 36k + 5)/3, 
(27) B,(4, k) = (64k3 + 64k2 + 20k + 2)/3, 
B4(4, k) = (256k4 + 480k3 + 280k* + 60k + 4)/45 
We observe from (26) and (27) that B,(3, k), B,(3, k) and B,(4, k), B,(4, k) 
are integers according as k+O(mod 2) and k+O(mod 3), respectively. Further, 
we notice from (27) that the numerator of B4(4,k) is divisible by 9 and 5 
whenever k+O(mod 3) and k+O(mod 5), respectively. We put 
(28) ~(3, k) = 
1 if k= l(mod 2) 
16 if k=O(mod 2) 
and 
2 if k 9 O(mod 3), k f O(mod 5) 
(29) ~(4, k) = 
10 if kSO(mod 3), k=O(mod 5) 
18 if k=O(mod 3), kfO(mod 5) 
90 if k=O(mod 3), k=O(mod 5) 
We write d(m, k) for the least positive integer such that 
d(m,k)Bj(m,k) for l<j~m 
are positive integers. The following result for d(m, k) is clear from Lemma 1 
and the subsequent observation. 
LEMMAS. We have 
(30) d(3, k) = ~(3, k) 
and 
(31) d(4, k) = ~(4, k)/2. 
Next, we apply Lemma 1 and Cauchy Residue Theorem for estimating 
Hj(m, k) given by (8). 
LEMMA3. 
(32) O<Hj(3, k)<(2.32)k(1.5)j(3k+ 1)’ for 01j~3k 
and 
(33) 0<Hj(4,k)1(2.4)k2’(4k+ 1)’ for Osjs4k. 
PROOF. Let m E {3,4} and Osjsmk. It is clear from (8), (26) and (27) that 
(34) Hj(m,k)>O. 
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We write 
(35) g,(z) = (z” + Bt (m, k)z” ’ + ... + B,” (m, Ok 
and r, denotes a circle centred at origin of radius m(mk+ 1)/2. By applying 
Cauchy Residue Theorem to (8), we obtain 
(36) 
where the integral is taken over r,. Further, we derive from (35), (26) and (27) 
that 
(37) max h(z)/zmki s 
if m=3 
zel, if m=4 
Finally, we combine (36), (37) and (34) to conclude (32) and (33). 0 
We apply the Appendix and MATHEMATICA without reference for the 
estimates in this paragraph. We have 
(38) 4j(3, k) > 0 for 4 sj< min(3k, 12) 
and 
(39) 4,(4, k)=O, dj(4, k)>O for 6~j<min(4k, 12). 
Also, we observe from (25), (21), (22), (23) and Lemma 1 that 
(40) dJ(3,k)=dj(3,k) for O<j<6, 41(4,k)=dj(4,k) for O<j<8, 
II 
AA(4,k)>O for kz4, &(3,k)>O, 
(41) 41(3,k)>O for jE{7,8}, kill 
4;(4,k)>O for kz6, A;,(4,k)>O for k29. 
We have 
4,(3, k) = (81k’ - 90k3 + 9k)/640, &(4, k) 
= (2048k’- 2688k5+ 672k3 - 32k)/2835. 
We derive from these expressions that 
(42) A4(3, k)rk5/8 and d6(4, k)z71k7/100 for kr 10 
and 
(43) d4(3, k)? 117k5/1280 and 4,(4,k)> 1376k’/2835 for k22. 
On the other hand, we find that 
4,(3,k)5(0.1266)k5, 4,(3,k)5(0.5696)k7, 4,(3,k)1(1.282)k9, 
(44) A7(3,k)s(1.923)k1’, A,(3,k)s(2.163)k13, A,(3,k)s(1.947)k1’, 
d,,(3,k)~(1.46)k’~, 4,,(3,k)~(O.939)k’~, A,,(3,k)s(0.528)k2’ 
and 
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4,(4,k)r(0.723)k7, 4,(4,k)s(5.78)k9, ds(4,k)~(23.12)k”, 
(45) 4,(4,k)~(61.65)k 13, &(4,k)~(123.29)k’~, 
4,,(4,k)1(197.263)k1’, 4r2(4,k)~(263.018)kr9. 
3. A p-ADIC ARGUMENT 
For a prime p > 0, we write 
n=bo+blp+...+bPpP 
where bo, . . . , bP are integers satisfying bP #0 and 0~ bi<p for 01 ~s,u. Then, 
it is well-known that 
(46) ord,(n!) = 
n-(bo+..++b,) 
p-l ’ 
Also, we have 
(47) ord,(n!) = i 
n 
[ 1 -7. r=l P 
By (47), we have 
which implies that 
(48) 
(1.875)k if k@{2,4,5,9,10,21) 
ord,( F) 1 [ 39 
if k=21 
Further, we derive from (46) that 
(49) 
We write 
(50) r = T( y, m, k) = ord2 
0-t f)...(Y+mk) 
For 1 Ijl k, we put 
(51) t9(m,k,j)=ord2(k)+ord2(F)+ord2((TI:)) 
and we denote 
(52) Qm, k, k) = d(m, k). 
By (52) and (51), 
(53) f3(m, k) = ord,(k) + ord2 
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and 
(54) 13(m, k,j) 2 fI(m, k) for 1 <Jo k. 
Let 1 I i0 I k satisfy 
(55) ordz(x+ ie) = max ordz(x+ i). 
lcick 
Then, we prove 
LEMMA 4. The equation (1) implies that 
(56) 
lo&x + k) 
log 2 
1 ord,(x+ i,,) = O(m, k, iO) + T. 
PROOF. We re-write (1) as 
(57) 
(x+ l)...(x+k) 
(k-l)! = 
(y+ l)..e(y+mk) (mk)! k 
(mk)! k! ’ 
We count the power of 2 in the factorisations of both the sides of (57). By (50) 
and (53), we find that the power of 2 appearing in the factorisation of the right 
hand side of (57) is O(m, k) + r. On the other side, it is equal to 
Now, the assertion (56) is immediate from (51) with j= i,, and 2°rd2(X+i0)~ 
x+k. q 
We derive from (56) and (54) that 
(58) xr2~(m,“‘o)+r_k>28(m,k)+T_k - 
By arithmetic-geometric mean, we observe that 
(59) F(x,k)< (x+ y>“. 
As an application of (58), we obtain the following lower bound for F(x, k). 
LEMMA 5. 
(60) if (2) holds 
(61) if (3) holds. 
PROOF. First, we prove (60). Let m = 3. By (58), (53) and (46), we verify (60) 
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for k15 to assume that kr6. Then, we refer to (58), (53), (48) and (46) to 
derive that 
(62) x>(k+ I)? 
We suppose that 
Then 
which, by (62), is not possible. 
Next, we turn to the proof of (61). By (58), (53) and (49), we verify (61) for 
k=2,3 to assume kr4 and x>(k+ 1)‘. Then, if (61) does not hold, we 
estimate as above to get 
kx/90<2( ;)(yy 
which implies that k< 3. 0 
By applying arithmetic-geometric mean to the right hand side of (l), we 
derive from Lemma 5 that 
(63) 
( 
k+l 1 1’m mk+l 
y> xsp-- 
2 16 > 
-~ 
2 
whenever (1) with m E { 3,4} holds. Now, we refer to (58), (53), (46), (48), (49) 
and (50) for concluding that equation (1) with m E {3,4} implies that 
(64) y > 2(&m. k) + r)/m _ T _ 1 
and 
mk 
(65) y>2~(mA/m_ ~ _ 1. 2 
4. BOUNDSFOR 
F(y,m, k). We begin this section with the following result. 
LEMMA 6. Let m E (3,4}. If (1) holds, then 
(f-35) F(y,m,k)<Ak(y,m,k). 
PROOF. Let m = 3. By MATHEMATICA, we verify (66) for ks 13. Thus, we 
may suppose that kr 14 and 
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(67) &y,3,k)sF(y,3,k). 
By (ll), (12), (13), (5), (17) and (18), we notice that 
(68) ; Aj(3, k)y3k-j I - ~ dj(3,k)y3k-j. 
j=4 j=l3 
We combine (65), (53), (48) with kz 17 and (46) to derive that 
(69) yz 7k3/25. 
Then, by (68), (38), (42), (6) and (69), we obtain 
k5y9/8<(3k+ 1)26/2’213! 
which contradicts (69). 
Let m =4. By MATHEMATICA, we check (66) for ks 15 to assume that kr 16. 
Then yz5k3/4. If (66) is not valid, we derive from (18), (39), (42) and (6) that 
7k7y7/10<(4k+ 1)*(?2’*13! 
which is not possible. 0 
We write 
(70) dk, Y) = 
0 if kr4 
2(2.32)k(1.5)‘3(3k+ 1)13/y9 if kz5 
and 
(71) p(k’ ‘) = 
0 if ks3 
(2.4)k214(4k + 1)13/y7 if k?4 
For Osjsmk and h>O, we put 
(72) 
if Aj(3, k, h) 5 0 
if 4j(3, k, h) > 0 
In the next lemma, we find lower bounds for F( y, 3, k) and F( y, 4, k) whenever 
y exceeds certain number depending only on k. 
LEMMA I. Let h zc 0 be a real number. 
(a) The equation (2) with y> 3(3k+ 1) implies that either 
F(Y, 3-k) >&Y, 3,kh) 
or 
(73) 
min(3k, 12) 
hkys C OJ(3, k, h)/yj-4 + a(k, y). 
I=4 
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(b) The equation (3) with y>4(4k+ 1) implies that either 
F(y,4,k)>Ak(y,4,k,h) 
or 
(74) 
min(4k, 12) 
hky2+ hk(k- 1)(8k+2)ys C Ai(4,k)/yj-6+P(k, y). 
j=6 
PROOF. (a) If F(y,3,k)<Ak(y,3,k,h), we conclude (73) from (5), (12), (16), 
(19), (72), (32), y>3(3k+ 1) and (70). 
(b) We assume that F( y, 4, k)<Ak( y, 4, k, h). Then, we derive from (19), 
(33), y>4(4k+ 1) and (71) that 
hk? + (A (4, k) - H, (4, k, h))y 
does not exceed the right hand side of (74). By (39), (8), (12) and (27), we see 
that 
A,(4,k)-&(4,k,h)=hk(k-1)(8k+2). 0 
Finally, we derive from Lemmas 5 and 6 the following result that combines 
well with Lemma 7. 
LEMMA 8. Let m E { 3,4] and h > 0 be a real number. Assume that 
(75) F(y,m,k)>Ak(y,m,k,h). 
The equation (1) implies that 
-h’ 
where h’ is a rational number satisfying 01 h’< h and y(m, k)h’E Z. 
PROOF. We write 
(76) 6= 
l/16 if m=3 
l/90 if m=4 
By (l), (60), (61), (66) and (76), we derive that 
k+l 
(77) x-A y,m,k, ~ 
> 
<6. 
2 
On the other hand, we see from (l), (75) and (59) that the left hand side of (77) 
exceeds -h. We put 
x-A y,m,k,- 
( 
k+l 
=-h’. 
2 > 
Then -6~ h’< h and we apply Lemma 2 to observe that 
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(78) y(m, k)h’E z. 
By (78), (28), (29) and (76), we derive that 
l/r’1 L(y(m,k))-‘2a if h’#O. 
Hence, we conclude that 01 h’< h. 0 
5. THEEQUATIONS(2)AND(3)HAVE NOSOLUTION FORLARGEk 
We combine Lemmas 7 and 8 to derive the following result. 
COROLLARY 1. (a) Let k223 if k=l(mod2) andkr32if k=O(mod2). If (2) 
holds, then 
(79) x=A(y,3,k, y). 
(b) The equation (3) implies that 
k+l 
030) x=/l y,4,k, ~ 
2 > 
whenever k = 16 or kr 19. 
PROOF. (a) Let k= l(mod 2) and kz23. By (46), we observe that 
(81) ord,(E) =47, ord*(z) =49. 
Now, we observe from (65), (53), (48) with kz27 and (81) that 
(82) y > 9k4/50 > 3(3k + 1). 
By Lemma 8 and (28), we may assume that 
F(y,3,k)l/Ik(y,3,k,I). 
Then, we derive from (73) with h = 1, (72), (44), (70), (82) and y? 23k’5 that 
ys(0.1266)k4+k3 
which contradicts (82). 
Next, we suppose that k=O(mod 2) and kl32. In this case, we find that 
yr 39k4/10 and we may suppose that F(_Y, 3, k)sAk(y, 3, k, l/16). Finally, we 
apply (73) with h= l/16, as above, to conclude y121k4/10. This is a con- 
tradiction. 
(b) Let kz 19. Further, as above, we may refer to Lemma 8 for assuming 
that 
(83) F(y,4,k)+tk(_v,4,k,(y(4,k))-‘). 
Now, we apply (74) with h=(y(4, k))-‘, (45), (71), yr 14k3/5 and 
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_y223k'4 - 2k - 1 to derive that 
(84) (y(4,k))-‘y2$0.723)k6+3k5. 
Finally, we apply (65), (53), (49) and (29) to contradict (84). Let k= 16. Then, 
we see that y(4,16) = 2, yr 8159 and we utilise the second summand on the left 
hand side of (74) to obtain $12(0.723)k6. This is not possible. 0 
In the next lemma, we consider equation (1) with x=A(y, m, k, (k+ 1)/2). 
LEMMA9. (a) The equation (2) with (79) implies that kl17, k= l(mod 2) and 
(b) The equation (3) with (80) implies that ke (7,11,13,17,19} and 
PROOF. Let me{3,4}. We assume (1) with x=A(y,m,k,(k+1)/2). Then, if 
m=3, we multiply both the sides of (79) by 16 to derive from (26) that 
16B3(3, k) = 3(k + 1)(3k + 1)2 is even. This implies that k is odd whenever m = 3. 
Similarly, we derive from (27) that (80) is not possible for all k< 19 except for 
ke {7,11,13,17,19}. We may assume that yz(mk+ 1)2/8. For this, we apply 
(65) with k> 17, m = 3 and k> 19, m =4 which we may suppose. Further, we 
write 
(87) x=u+g 
where 
k+l 
u=A(y,m,k,B,(m,k)), g=B,(m,k)-y>O. 
By (l), (87) and (20), we derive that 
(88) f Hj(m, k)ymk-j5 F(y, m, k). 
j=O 
(a) By (88), (5) and (24), we write 
(89) ; AJ(3, k)y3kPj 5 g Aj(3, k)y3k-j if kZ 11 
J=O j=9 
and 
(90) ; Aj(3, k)y3k-j_ -= f Aj(3, k)y3k-j if ks9, k= l(mod 2). 
,=O j=l 
By (40), (18), (38), (41), (42) and (43), we see that the left hand sides of (89) 
and (90) exceed (k5/8)y3k-4 and (1 17k5/1280)y3k-4, respectively. On the other 
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hand, we observe from (6) that the right hand sides of (89) and (90), respective- 
ly, do not exceed (3k+ 1)‘*_~~~-~/2*9! and (3k+ 1)‘4y3kP7/267!. This implies 
that 
(91) ~~134 18k’3160k13 if kzll 
and 
y19k3 if ks9, k= l(mod 2). 
Now, we apply (65), (53), (48) with kz21 and (46) with n! = (57)!/(19)! to con- 
clude from (91) that ks 17. Finally, the estimate (85) is immediate from (91) 
and the subsequent inequality. 
(b) We put J= 10 if kr 11 and J=9 if k=7. We derive from (88) that 
i A;(4, k)y4%s “c” Aj(4, k)y4? 
j=O J-J+1 
Now, we apply (40), (18), (39), (41), (42), (43) and (6) to derive that ~14000 
if k=7 and 
Finally, we apply (65), (53) and (49) to conclude from the above inequality that 
kc 19 and yr:4k3. 0 
Now, we combine Corollary 1 and Lemma 9 to conclude the following result. 
LEMMA 10. (a) The equation (2) implies that 
k~ 21 i’k=l (mod2) 
1 30 if k=O (mod 2) 
(b) The equation (3) has no solution in integers x20, yr0 and k? 16 with 
k@ { 17,18,19}. 
6.ACOMPUTATIONALARGUMENT 
The goal of this section is to describe a congruence argument by which, with 
the help of MATHEMATICA, we rule out the remaining possibilities of Lemma 
10. We fix integers m E (3,4) and kz2. Let y = y(m, k) be given by (28) and 
(29). We write c = c(m, k) as 
(92) 
c(3,2)= 128, c(4,2)= 16, c(3,3)=64 
c(4,3) = 64, c(3,5) = 256, c(4,5) = 512 
~(3, k) = ~(4, k) = 5 12 for k E { 4,6,7,8,9} 
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and for kr 10, 
4096 if m = 3, k= O(mod 2) 
(93) c(m, k) = 512 if m=3, k=l(mod2) 
512 if m=4 
Further, we put 
(94) 
c/8 if m=3, k=O(mod2) 
if m=3, k$O(mod2) 
if m=4 
and 
[ 8 if m=3, k=O(mod2) 
(95) D=D(m,k)= 
i 
I if m=3, kfO(mod2) 
1 if m =4, kfO(mod 3) 
3 if m =4, k=O(mod 3) 
Let t E { 1,4} and 0 I v < I, CT, I 1 be integers. Let d, = dv(m, k) and e, = e,(m, k) 
be non-negative integers satisfying d, 5 e,. For an integer h with d, I h I e, and 
h =d,(mod oV), let a, = a,(m, k, h) and b, = b,(m, k, h) be non-negative real 
numbers such that a,5 6,. For every integer h with d, 5 h se,, and h = 
d,(mod gv), we intend to compute all the pairs (x,y) of integers x20 and 
a,~y~ b,, y= v(mod t) satisfying (1) and 
(96) 
If t=l, we write ao=a, bo=b, d,=d, eo=e and oo=o. 
Let 1~ io< k be given by (55). Then, we see from (56), (54), (53), (50), (46), 
(48), (49), (93) and (94) that equation (1) implies that 
x+ i,=O(mod c,). 
Thus 
x(modcl)E{cl-l,...,c,-k} 
which is equivalent to 
(97) Dx(modc)E{c-D,...,c-kD}. 
This observation is fundamental for our computations. Here, we notice that 
c> kD for ks 30. 
Let 0 I v < t. Let h with d, I h I e, and h = d,(mod a,) be a given icteger. We 
write &(v) for the set of all y with 01y< c and y= v(mod t) such that Dx(y) 
is an integer satisfying (97). Henceforth, in this section, we understand that 
x(y) is given by (96) and we notice that Dx(y) is not necessarily an integer. For 
yo~Sh(v), we denote by T,(v,y,) the set of all y with a,ly~6, and y= 
y,(mod c). For y E r,(v, yo), we observe that y= v(mod t) and Dx(y) is an in- 
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teger satisfying (97). For the latter assertion, we apply y=y,(mod c), Lemma 
1 and the subsequent remark to observe that Dx(y) -Dx(yO) is an integer= 
O(mod c). On the other hand, for every y with a,<~< b, and y= v(mod t) such 
that Dx(y) is an integer satisfying (97), the integer y, given by 
Oly,<c, y=yO(mod c) 
satisfies y, E Sh(v) and YE r,(v,yO). We denote by Ti(v, y,) the set of all 
ye Th(v,yO) such that x(y) is an integer and the pair (x(y), y) satisfies (1). 
Finally, we determine a family of sets { TL(v, yO)/yO E Sh(v)) for every h with 
d,rhse, and h=d,(moda,). 
This computational argument has been programmed in MATHEMATICA on a 
P.C.8386 by Kirti Joshi and Dinesh Thakur. We are indebted to them for 
drawing out the programme and helping us with the computer. We shall refer 
to this programme as P. Whenever we apply P, it will be understood without 
reference that for 0 I v < t, the sets TL(v, yO) turn out to be empty for every 
y,,~ Sh(v) and for every h with d,s h<ev, h=d,(mod a,). We start with the 
following application of P. 
LEMMA 11. The equation (1) with m E { 3,4} implies that 
x+/l 
PROOF. We shall apply P with t = 1, cr = 1 and d =e= 0. We suppose that 
(98) 
Let m = 3. By Lemma 9, we derive k< 17, k= l(mod 2) and (85). Let k= 17. 
By (65), (53), (46) and (85), we observe that 
(99) 1598<ys4913. 
Now we operate P with a= 1598 and b= 4913 to check that (l), (98) and (99) 
cannot hold simultaneously. Similarly, we operate P with k= 15: a= 1000, 
b=3375; k=13: a=302, b=2197; k=ll: a=185, b=1331; k=9: a=25, 
b=6561; k=7: a=13, b-3087; k=5: a=O, b=1125; k=3: a=O, b=243 to 
arrive at a contradiction. 
Let m = 4. Then, we apply Lemma 9 to derive k E { 19,17,13,11,7} and (86). 
As above, we operate P with b equal to the right hand side of (86) and a= 
19440,6850,830,280,23 according as k= 19,17,13,11,7, respectively, to 
conclude the proof of Lemma 11. For the latter assertion, we refer to (65), (53) 
and (49). cl 
7. THE EQUATION (2) WITH k= l(mod 2) HAS NO SOLUTION 
We start with the following result. 
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LEMMA 12. The equation (2) with k= l(mod 2) implies that ks 13. 
PROOF. By Lemma 10(a), we may assume that ke {21,19,17,15}. We shall 
apply P with t = 4 and 0” = d, = 1 for 0 I v < 4 to exclude these cases. 
Let k= 21. For 01 v < 4, we denote by Y(v) the greatest integer such that 
equation (2) with _y= v(mod 4) implies that y2 Y(v). By (65), (53) and (46), we 
observe that 
(100) Y(v)?8159 for Ozzv<4. 
We sharpen (100) whenever v #O. Let y= l(mod 4). By writing y = 4s+ 1, we 
observe that T, given by (50), satisfies 
rr48+ord,((s+ l)*..(s+ 16)/(63)!). 
Therefore, by (46), 
r248-ord*((63)!/(16)!)=6 
which, together with (64), (53) and (46), implies that 
(101) Y(1)232735. 
Similarly 
(102) Y(2) 2 25975, Y(3) r 32735. 
Let h, be the largest integer such that 
F(Y, 3, k) s/l%, 3, k, ho/y) = Ak(y, 3, k, h,). 
By Lemmas 6, 8, 11 and (28), we observe that ho2 1. Then, we apply (73), 
(72), (70), (44) and (100) to conclude that 
(103) (h,/y)ys h,ys 32000. 
For applying (73), we observe that the assumption y> 3(3k + 1) follows from 
(65). If yfO(mod 4), we remark that (103) can be sharpened by utilising (lOl), 
(102) instead of (100). Now, we observe from (103), (loo), (101) and (102) that 
equation (2) with y= v(mod 4) implies that v E (42)) h, = 3 if v = 0 and ho = 1 
if v= 2. By the definition of h,, we have 
Now, we apply Lemmas 8, 11 and (28) to find 1 I hs ho satisfying (96) with 
m=3 and y=l. Finally, we are ready to operate P with k=21: e0=3, e2=1, 
a,,=8159, a2=25975, b0=32000/h, bZ=32000 to conclude that kf21. 
As above, we apply P to exclude the remaining cases of this lemma. The 
parameters are as follows. 
k=l9: e,=ez=4, e,=3, es=2, a0=a2=5132, al=6473, a3=8163, bo=bz= 
22650/h, bl=21215/h, b3=20140/h; k=17: e0=15, e,=es=6, ez=9, 
a0 = 1598, a, = a3 =2554, a2 = 2022, b0 =24055/h, bl = b3 = 17610/h, 62 = 
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20170/h; k=15: e,,=e2=18, e,=14, e3=3, ao=a2=1000, al=1267, a3=2557, 
b. = bl = b2 = 18150/h, b3 =9550/h. 0 
If k~ 13, the arguments of Lemma 12 provide large values of e. We reduce 
these values for proving the following result. 
LEMMA 13. The equation (2) implies that k is even. 
PROOF. We shall apply P with t = 1 and a=d= 1. By Lemma 12, we may 
assume that ks 13 is an odd integer. Let k= 13. By (65), (53) and (46), we 
observe that ~2302. We check, by MATHEMATICA, that 
F(y,3,k)>Ak(y,3, k,25) for 302~~1400 
and 
(104) Aj(3,k,25)<0 for 31j17 
where A,(3,k,25) are given by (16). If F(y, 3,k)lAk(y,3,k,25), we observe 
that y>400>3(3k+ 1) and we derive from (73), (72), (104), (44) and (70) that 
yr300. This is a contradiction. Thus 
(105) F(y,3,k)>/Ik(y,3,k,25). 
Let hh be the least integer such that 
(106) F(Y, 3, k)>&_v, 3, k, hi). 
By Lemmas 6, 8, 11 and (28), we observe that 21 hhs 25 and 
(107) F(y,3,k)dk(y,3,k,h;-1). 
If (hi- l)yz 14280, then ~1595 > 3(3k+ 1) and we conclude from (107), (73) 
and (44) that (hi- l)y< 14280. Consequently, we observe from (106), Lemma 
8 and (28) that (96) is valid with 1 I h < hi, y = 1 and hy< 14280. Now, we are 
ready to apply P with e = 24, a = 302, b = 14280/h to conclude that k # 13. 
The proof for the remaining cases is similar. We write 
(108) G(y, k, h) =Kv, 3, k) -Ak(_v, 3, k, h). 
By (65), (53) and (46), we observe that y> 185,25,14 according as k= 11,9,7, 
respectively. We check that G(y, 11,15) for 185 <y< 300, G(y, 9,23) for 
25~~~175, G(y,7,14) for 14~~~120 are positive and A,-(3,11,15) with 
3ij17, 0j(3,9,23) with 31j< 11, dj(3,7, 14) with 3~j< 10, dJ3,5,23) with 
3 5 j< 15, Aj(3, 3,4) with 3 5 js 9 are negative. Finally, we apply P with k = 11: 
e= 14, a= 185, b=6750/h; k=9: e=22, a=25, b=5200/h; k=7: e= 13, a= 13, 
b=2200/h; k=5: e=22, a=O, b= 1610/h; k=3: e=3, a=O, b=200/h. 0 
8. THE EQUATION (2) WITH krO(mod 2) HAS NO SOLUTION 
By Lemmas 8, 11, 7(a) and (28), the equation (2) implies the estimate (73) 
505 
with h = 1 and h = l/16 according as k is odd and even, respectively. Therefore, 
the upper bounds for y are much larger in the case that k is even. This increases 
the computations considerably. We compensate by obtaining better lower 
bounds for y in this case than the ones given by (65), (53) and (46). 
LEMMA 14. Let k = 21 where 1 is a positive integer. If xz 0, y2 0 and h =r 0 be 
integers atisfying (1) and (96) with m = 3, then 
(109) . 
PROOF. By (28), we notice that y= 16. We follow the proof of Lemma 5 to 
obtain from (2) that 
(110) (x+ 1)*.*(x+21)> 
C 
x2+(21+ 1)x+ 
(1+ 1)(21+ l)- 1 ’ 
3 1. 
We combine (2), (110) and (96) with m = 3 to observe that 
(y+ l)...(y+61) 
-k 432/‘+25212+481+3-$ y3 
> 
+ 
-i4+64813+ 2997 
4 
A2+271+$-(;+$)h)y2 1611 
8 
1215 2997 1377 
+ -i5+ -14+ 
2 4 
T13+ ?I”+ $,, $ -512h 
> 
y 
1215 
---IS+ 
4 
cc \ \I 
-&-413h -. 
J) 
On the other hand, we write 
(y+ l)...(y+61) 
=,i, (y+i)(y+21-i+l)(y+21+i)(y+rll-i+l)(y+41+i)(y+61-i+1) 
=ib, (y6+AiyS+Biy4+Ciy3+Diy2+E,y+Fi) 
and we apply the arithmetic-geometric mean to the above product to derive 
that 
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(y+ l)...(y+61) 
3728 
+ ~14+648/?+20212+271+~ 
+ 
----Is+ 2928 
5 
T14+348/3+7612+Titf 3728 
3056 1464 1012 + -P+ -IS+ ---i4+6613+ 1212+ $+ +5 . 
21 5 5 
Now, we combine the upper and lower estimates for (y+ 1) ... (y+ 6/) to con- 
clude that 
(111) hy3>($%4-512- z - (91t ;)h)J 
+(175& 12-4012h)y+(29316-3213h). 
If hz4i3, we observe that the right hand side of (109) is negative. Therefore, 
we may assume that hc41’. Then, we see that the second and the third term 
appearing on the right hand side of (11 I) are non-negative. Then, the inequality 
(111) implies y#O and (109). IJ 
LEMMA 15. The equation (2) with k=O(mod 2) has no solution in integers 
x10, yz0 and k22. 
PROOF. By Lemma 10(a), we may assume that kr30 and k=O(mod 2). As in 
the proof of Lemma 9, we derive from (96) that h= l(mod 2). We shall apply 
P with t=4 if ke{14,18} and t= 1 otherwise, 0,=2, d,= 1 for Osv<t and 
y= 16. For 141 ks30, we determine b, and e, as in Lemma 12. We find that 
b = b’/h with b’= 1645890,1251840,942980,685570,500340,386112,189800 
ande=1,1,5,5,12,37,58accordingask=30,28,26,24,22,20,16,respectively. 
Furthermore, we see that k = 18: b0 = b, = 334400/h, b2 = 6, = 309050/h, e. = 
ei=103, e2=e3=75 and k=14: bo=b,=244350/h, b2=b3=188500/h, eo=el= 
309, e2=e3= 188. For the remaining values of k, we follow the proof of Lemma 
13 for finding b and e: b = b’/h with b’= 54000,30000,10700,9500,7500,400 
and e=300,259,134,153,168,12 according as k= 12,10,8,6,4,2, respectively. 
For these values, we require the following three computations. Let k= 12. We 
refer to (65) and (46) to assume that ~2387 and we check that dj(3, 12,300)<0 
for 3 1j5 7. Now, we apply Lemma 7(a) to conclude that G(y, 12,300) > 0 
where G is given by (108). We check that G(y, 10,259) for 645~1225, 
G(y,8,134) for 501~1175 and G(y,6,153) for 101y1100 are positive. 
Further, 4;(3,10,259) for 3<j<8, 4j(3,8,134) for 3~j17, dj(3,6,153) for 
31j19, L3,(3,4,168) for 3zzj~ 12 and Aj(3,2, 12) for 31j16 are negative. 
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For k# 14,18, we take ha equal to the maximum of the right hand side of 
(109) and zero. For k= 14,18, we take ha, = ha, = ha, = ha3 equal to the right 
hand side of (109). 0 
9. PROOF OF THEOREM 
By Lemmas 13 and 15, we conclude that (2) has no solution in integers xr0, 
y 2 0 and k> 2. We suppose that there are integers x2 0, yr 0 and k > 2 satisfy- 
ing (3). By Lemma 11, we may suppose that (80) is not satisfied. Now, we apply 
Corollary l(b) to derive that kl18 and k# 16. If k = 17, it is easy to observe 
that (96) implies h12 which, by the proof of Lemma 12, leads to a contradic- 
tion. For the remaining cases kl15 and k= 18, we apply P as in the proofs of 
Lemmas 12 and 13. For operating P, we give the following table of parameters. 
We put G’(y, k, h) =F(y, 4, k) -/lk(y, 4, k, h/y). Let g =g(k, e) be an integer 
satisfying G’(y, k, e+ l)>O for acyrg. The computation of g in the case 
k= 18 is not required. 
k d e a a bfi g 
2 1 6 2 0 150 50 
3 4 416 6 0 1300 125 
4 1 62 2 3 1300 200 
5 2 971 10 3 6500 200 
6 1 917 6 14 10000 350 
7 2 130 2 23 4700 450 
8 1 33 2 90 3700 650 
9 4 612 6 88 20000 750 
10 7 155 10 194 13200 1200 
11 2 27 2 280 7000 1280 
12 1 13 6 700 18000 2000 
13 2 9 2 830 7200 2250 
14 1 3 2 1690 6000 3200 
15 8 124 30 2400 48000 4500 
18 1 2 1 13740 23000 - 
APPENDIX BY PHILIPPE GLESSER 
In this appendix we will explain how we have made the computation of the 
polynomials Hj(m, k) - Aj(m, k) =: dj(m, k) where m, j are fixed integers and k 
is a variable. For this we have used the algebraic programming language 
REDUCE on a Sun 3150. We will give the results obtained at the end of this ap- 
pendix. 
1. HOW TO COMPUTE A,(m, k)? 
From [l, p. 1411, we have the formula 
Aj(m, k) = i F(j, i) 
mk+l 
r=l ( ). i+j ’ 
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where F(j, i) are defined by the recurrence 
F(j,i)=(i+j- l){F(j- l,i- l)+F(j- l,i)} 
with F( j - 1,O) = F( j - 1, j) = 0 for alljL 0. So it is easy to compute the numbers 
F( j, i) for all values of i and j, and the polynomial Ai(m, k) is simply a linear 
combination of the binomial coefficients (mf+,‘). 
2. HOW TO COMPUTE Hj(m,k)? 
We must first remark that 
before evaluating the Bi. SO 
for each m, we have computed all the Hj(m,k) 
Hj(m, k) is first given as a polynomial in m + 1 
variables B,, B,, . . . , B,, k. An easy way to compute Hj(m, k) could be to use 
the fact that 
j-(x)=:(1 +B,x+ **. + B,,,x”‘)~= F Hj(m, k)xj 
J=o 
satisfies Hj(m, k) =f”)(O)/j! for 01 j< mk. Unfortunately, the jth derivatives 
off(x) are so large that it is not possible to use this method for big values of j. 
So we do as follows: In the product (y” + B, y”-’ + ... + B,)k regarded as a 
polynomial in y, the coefficient of ymkPj is the sum of all numbers B,!: **. Bf: 
where lsi,<i,< e.1 <i,lm(rz l), i,[i + ... +i,l,=j(li>O), and each B,!: .**Bf: 
is multiplied by the binomial coefficient (,] +.‘!.+t,) which represents the 
number of times B!: ... Bf; appears in the product (y”+ B, y”-’ + 1.. + B,)k in 
the well order (that means B;, preceding B, and so on), and by 
(“‘,““)(“‘,‘“)_..(1~~~~~1~)~ (41+;:;*;*Jl 
which represents the number of different orders in which Bf: ..e Bf; can appear 
in the product (y” + B, y”-’ + ... + B,)k. The computations of (“‘~!‘::.~,t”!) and 
([, +.!. +,,) are easy. 
The procedure used for the computations of the different B!: ... B,!; where 
i, 1, + . . . + i,l, = j is the following. For all i(1 5 is min( j, m)) we are recursively 
searching all products B: ...B,!; such that ii 1, + ... +i,.l,=j-i with 1 (ii<&< ...< 
irs i, to get all products Bf: e+. BiiBi which is what we want. Here, the notation 
is independent of the notation followed in the paper. 
3. HOW TO COMPUTE THE B,? 
For all m and k we have H, (m, k) = kB, . So to get H, (m, k) =A, (m, k) it suf- 
fices to take B, =A 1 (m, k)/k, which is a simple division. The other Bi’s are ob- 
tained in the same way. The only product Bf: . ..B.‘: in which Bj appears in 
H,(m, k)(l <jsm) is Bj itself, and its coefficient is k. So to get Hj(m, k)= 
Aj(m, k) we only need to solve the equation 
kBj+ Pj(B,, ..., Bj-I,k)=Aj(m,k) 
where Pj(B,, . . . . Bj_ 1, k) is a polynomial in j variables B,, . . . , Bj_ 1, k, defined 
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by Hj(m,k)=kBj+Pj(BI,..., Bj_ ,, k), which is done by the division Bj= 
(Aj(m,k)-Pj(B,,...,Bj_,,k))/k. 
In conclusion we briefly give our results. For each m(1 srn I 11) we have 
computed dj(m, k) for 1 <j< 12. For m = 12 and m= 13 we have computed 
Aj(m,k) for 11js:14. We find that for m odd and 2cms13, A,+,(m,k) is 
a polynomial in k of degree m + 2 with the leading coefficient positive, so it is 
positive for k sufficiently large. For m even and 45 m I 12, A,,,, I(m, k) =0 
and A m+2(m, k) is a polynomial in k of degree m + 3 with the leading co- 
efficient positive, so it is positive for k sufficiently large. For m = 2, A2,(m, k) 
is different from k(k- l)(k+ 1)/24. 
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